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I. INTRODUCTION

The different phases of the space shuttle mission operations and system analyses
are influenced by several random perturbations due to the dynamics of atmospheric
processes. From the mission planning point of view, there are few atmospheric
conditions of interest, such as thunderstorm, precipitation, cloud ceiling, peak surface
wind speed, etc. These atmospheric conditions, called para;,meters, are actually
constraints on the mission operations. An atmospheric parameter is a random variable
which attains either a permissible or not permissible value. As such, each of these
atmospheric parameters is assigned the values of either 0 or 1, for GO or NOGO
outcomes, respectively.  These atmospheric parameters are inherently dependent

random variables.

An important part of mission planning is being able to provide, ahead of time, a
good assessment of GO/NOGO status for different atmospheric parameters as well as
conditional probabilities involving GO and/or NOGO outcomes. Specifically, it is of
interest to effectively address certain questions pertaining to the assigned constraints for
the different mission phases of the space vehicle (see Smith, Batts, and Willet (1982),
also Smith, and Batts (1993)). The questions of interest involve:

1.) The probability that the assigned atmospheric constraints will (or will not) occur
during a particular time.
2.) The proBability that the assigned atmospheric constraints will (or will not) occur

for N consecutive days, at a particular time of the day.



3.) Given that the assigned constraints have occurred (or have not occurred) for n
consecutive days, at a particular time of the day, what is the probability thét the
constraints will continue for N additional days?

4.) The probabilities of runs of GO and NOGO outcomes.

5.) Estimating certain conditional probabilities involving GO and/or NOGO outcomes.

Effectively addressing and giving specific answers to these types of questions are
useful in many ways, for instance,
a) determining design criteria for the space vehicle,
b) establishing flight operational rules, and

c) setting up effective cost assessments.

The purpose of this technical report is to present an analytical study of the topics
involved, such as the theories of runs and Markov chains, as well as an attempt to give
answers to the questions raised above. We construct probabilistic models based on the
nature of the problem, as well as certain assumptions relevant to atmospheric
conditions. These models lay the ground work to establish a theory that would support
a GO - NOGO decision.



II. PRELIMINARIES

The random variables generated by the atmospheric conditions, such as wind
speed, thunderstorm, and precipitation, are not independent in general. In fact, a
meteorological observation is not usually independent of the preceding conditions.
However, the dependence decreases as the length of the time interval between successive
events increases. For example, the amount of rain in a month is influenced to a small
but definite extent by the amount of rain in the preceding month, but the amount of
rain in a year bears practically no relation to the amount of rain in the preceding year.
In daily observations the interdependence is found to be even more marked. For
example, the probability of a given day being rainy is much greater if it was raining on
the preceding day than if it did not. This is due to the fact that rain tends to persist
from day to day. Thus, in general, it is the characteristic of meteorological events to
stick together; high or low values tend to occur in clusters rather than as isolated

incidents.

Brooks and Carruthers (1953) suggested the existence of an underlying Markov
chain, however, it does not seem to have been investigated in their work. A Markov
chain model for daily rainfall occurrence was used by K. R. Gabriel and J. Neumann
(1957, and 1962). This model was shown in their work to give a good fit to various

aspects of rainfall occurrence patterns.

The underlying dependence structure in the model is a crucial aspect in the



development of our study. Based on the nature of the meteorological observations, and

the above mentioned works, it seems reasonable to utilize a dependence structure of the

Markovian type.

We should point out here that several authors used the geometric distribution, the
negative binomial or related distributions as models for meteorological activities and
wet-dry cycles of rain. For example, a distribution of weather cycles by length was
investigated using geometric distribution (see K. R. Gabriel, and J. Neumann (1957)).
The negative binomial and a modification of it were used as prospective models to
represent the variation of thunderstorm activity (see L. W. Falls, W. O. Williford, and

M. C. Carter (1970)).

It is interesting to note that these distributions do arise under the Markovian
dependence structure which is adopted in our models. Of course, they may also

originate under different circumstances.
Next, we give a definition of Markov chains.

1. Markov chains: Consider a sequence of random variables X, , X; ,..., and suppose
that the set of possible values of these random variables is {0, 1, ..., M}. It will be
helpful to interpret X,, as being the state of some system at time n, and, in accordance

with this interpretation, we say that the system is in state i at time n if Xp,=1.



The sequence of random variables is said to form a Markov chain if each time the
system is in state 1 there is some fixed probability p; j that it will next be in state j.

That is, for all ig,...i,_;, i,j € {0,..., M}
P{X, 1 =ilXn =i Xop =i, 1,0 Xy=i, Xg =i} = p; - (1)

The values Pij» 0<i1<M, 0<j<M, are called the transition probabilities of the

Markov chain and they satisfy

M :

It is convenient to arrange the transition probabilities p; j In a square array P as

follows:
Poo  Por Pom
Py  Pnr Piy
P =
Prpo Pvr -+ Puwm

Such an array is called a transition probability matrix. Knowledge of the transition
probability matrix and the distribution of X, enables us, at least in theory, to compute
all probabilities of interest. For instance, the joint probability mass function of

Xos Xy .. Xy is given by



P{Xn =in, Xﬂ—l ::in_l 3 eany Xl =i1’ X0=i0 }
=P {Xp=in| Xp_y =ip_g . Xg=1ig} P{Xp g =ip1,-»Xp =ip}

=p. P{X,_; =ip_1,.. Xg=1ip}, and continual repetition of this

th—1> in
argument yields that the above is equal to

P Xy =in, Xy =ip_qse0Xy=1ip, Xg=1ig }

=p P Piy iy Pig,i; Do =1g }- 3)

h-1'n "2 +'n—1

Thus, for a Markov chain, p; j represents the probability that a system in state 1
will enter state j at the next transition. We can also define the two-stage transition
probability, pgg) , that a system, presently in state i, will be in state j after two

additional transitions. That is,
2 . .
psj) = P{Xm+2 = Jlxm = 1}-
Then pg) can be computed from the p; j as follows:

2 =P{X, =il Xy =1i)

M
= 2 Pr; Pir - (4)
k=0

In general, the n-stage transition probabilities, denoted as p(ﬂ), are defined by

L¥)

oM = PXpym =il Xm =i} (5)




1.2 Remarks: 1.) We note that if F is the i-jth entry of the transition matrix P,
then pg-') is the 1-jth entry of P™.
2.) In the model, a Markov chain with two states will be used. That is, M = 1.

1.3 Example: Suppose that if it rains today, then it will rain tomorrow with
probability a; and if it does not rain today, then it will rain tomorrow with probability
8. If we say that the system is in state 0 when it rains and state 1 when it does not,

then the above is a two state Markov chain having transition probability matrix

Poo  Pol a l-a

P10 P11 g 1P

If it is raining today the probability that it will rain two days from now is

2
piy) = pgy + Po P1g =0’ + (1 -a)p.

The remaining probabilities pgz), pﬁ%), and pﬁ) , which are the entries of P2, can

be given similar interpretations.

The next result, known as the Chapman - Kolmogorov equations, shows how the

pgy) can be computed.

1.4 Lemma (The Chapman - Kolomogorov Equations):

M
o = %l el forall 0<r<n.

k=0



Proof:
pP = P{X, =j| X, =i}
¥ P =i X =kI X =)

P{X, =j|X,=k X, =i} P{X, =k|Xy =i}

=] =M

Pgi Pik -

2. Unconditional probabilities: The conditional probabilities pg}) can be used to

derive expressions for unconditional probabilities by conditioning on the initial state.

For instance,

POy =i}= & PXa=ilXo=k) P{Xp=k]
M
= T el P(Xp =Kk ©)

3. Convergence of Markov Chains: For a large number of Markov chains it turns out

that pg_?) converges, as N—oo, to a value T that depends only on j. That is, for

large values of n, the probability of being in state after n transitions is
approximately equal to =, no matter what the initial state was. It can be shown that

a sufficient condition for a Markov chain to possess this property is that
PS;}) >0 forall i,j= 0,1,...,M, and some n > 0. (7
Markov chains that satisfy inequality (6) are said to be ergodic. Since Lemma (2.4)

yields

n+1 _ M n
pg,- b= X Py Pk; >

it follows, by letting n—oo, that for ergodic Markov chains



M

T.= 3 T Ppas - (8)
I g2 kM
. _Y () : :
Furthermore, since 1= 3, p;;’, by letting n—oo , we also obtain,
i=0
M
o wx, =1 (9)
ji=o ’
In fact, it can be shown that the =« i 0 < j € M, are the unique nonnegative

solutions of equations (7) and (8). We sum up these facts in the following result,

which 1s stated without proof.

3.1 Theorem: For an ergodic Markov chain the limit = i= 7lli_r_r}Oo pg-l) exists, and

the = i 0 < j <M are the unique nonnegative solutions of
M M

T = k§0 T Dg; and jgo ™ = 1.
3.2 Example: Consider Example 1.3, in which we assume that if it rains today, then it
will rain tomorrow with probability «; and, if it does not rain today, then it will rain
tomorrow with probability 8. From Theorem 3.1 it follows that the limiting
probabilities of rain and of no rain, =, and =, are given by

my = amy +Am

o =(1-a)ry +(1-8)m

m+m =1

which yields

7r0: —_— 7rl=

l1+8-a’ 1+8-a



|

For instance, if o« = .6, 8 = .3, then the limiting probability of rain on the nth day

iSWO——'%.

The quantity =, is also equal to the long run proportion of time that the Markov
chain is in state j, j = 0, .., M.  To intuitively see why this might be so, let P;
denote the long run proportion of time the chain is in state j. Using the strong law of
large numbers, it can be shown that for an ergodic chain such long run proportions exist
and are constants. Now, since the proportion of time the chain is in state k is pg
and since, when in state k, the chain goes to state j with probability Pkj it
follows that the proportion of time the Markov chain is entering state j from state k

is equal to p. pg ;o Summing over all k shows that p i the proportion of time the

Markov chain is entering state j, satisfies

_ M
p; = k>::0 Pr Pij

Since it is also true that

it thus follows, since by Theorem 3.1 the = j=0,...,,M are the unique solution of

]' b]

the above, that P; = T, j=0,..., M.

10



III. PROBABILISTIC MODELS

The binomial model, which is the sum of independent random variables each of
which assumes either a success or a failure outcome, is clearly not adequate for the
problem under consideration because it deals with independent trials. So, the need for

a model with dependent trials is identified.

We consider in this section a generalization of the binomial distribution which
incorporates a built-in dependence structure in its trials. Two versions of a generalized
Bernoulli model are presented. Each of these versions possesses two parameters.
Therefore, methods of estimating these parameters are discussed including an analytical

method based on a modified version of the maximum likelihood estimation technique.

1. A generalization of the Bernoulli model: Consider a sequence of random variables

each of which takes either the value 0 or 1 (for GO or NOGO, respectively). We do
not assume that these random variables are independent. The basic assumption about
this interdependence is that given the present state, the future and the past states are

independent. That is,

P(X;,1 X1 [ X)) =P(X; 41 1 X)) P(Xy [1Xp). (10)

Specifically, given the state (or value) of a random variable at present time i, say X;,

11



its state (or value) at times i + 1, X;,; , depends only on its state (or value) at time

i, X;. Thisis a Markovian type dependence structure, and such a probabilistic model
is referred to as a Markov chain with two states {0, 1}. A Markov probability model,
with two states, usually possesses two parameters. These two parameters could be
defined in different ways. For instance, we consider here two versions of this model, in

the first we take two parameters as the conditional probabilities

8, = P(X; = NOGO| X1 = NOGO),
and

6, = P(X; = NOGO| X;_; = GO).
In the second version we define the two parameters as

p = P(X, = NOGO),

1

and
»=P(X; =NOGO| X;_; = NOGO).
Of course, the parameters 6, , 6, in model 1 are related to the parameters p , A in

model 2. Hereafter, we shall use 1 for a NOGO state, and 0 for a GO state.

1.1 Model 1: Let X;,X,,..., X, beasequence of random variables each of which
takes on either the value of 1 or 0 as in the Bernoulli model. A Markovian
dependence is incorporated between successive observations. This yields a Markov

chain with two states whose parameters are the two conditional probabilities

12



01 = P(Xl = ].I Xl-—l = 1), 1= 2, ey 1N,

and

8, = P(X;

1
From (10) and (11), it follows that
P(X,

1

and

The transition probability matrix takes the form

Clearly, this model reduces to the case of independent Bernoulli trials if 6, =4, .

Explicit formulas for the n-stage transition probabilities pg})

=0|X1—1 =1)=1—01, i=2,...

= 1IX1_1 =0), i=2,..., n.

(11)

(12)

(15)

can be obtained using

the transition probability matrix P (see Feller, 1957). The final result may be written

in matrix form, the n-stage transition matrix

+(01 —6p)"
1+00—01

13




In the transition matrix P* each element pS;-l) , i, j = 0, 1, represents the
probability that a system, presently in state i, will be in state j after n additional

transitions.

1.2 Remarks: (i) We observe here that, since |8, — ;| < 1, the second matrix in the

definition of P" in (7) tends to zero as n—oo. That is,

Y43 —
lim P T¥9, -9,
-6 b
(17)
_ 1
=1¥9, -9, P.

This result is consistent with the result obtained had we used Theorem 3.1.

(ii) This model requires estimating the two conditional probabilities ¢, and 6. One
way to estimate 6, and 6, is by using the appropriate relative frequencies (see K. R.
Gabriel and J. Neumann 1962). An analytical method, based on the maxirﬁum
likelihood estimation technique, will be described later.

(iii) A Markov chain model of this form was found to be, at least, a close
approximation for the daily rainfall occurrence at Tel Aviv. It was shown also that it

fits the observed data (see K. R. Gabriel and J. Neumann 1962).

1.3 Model 2: This model differs from model 1 in that one of its parameters has a

different meaning. Consider a sequence X;, Xy, ..., X, of random variables each of

14



which takes on either the value 1 or 0. This model possesses the usual frequency
parameter

p=PX; =1) = 1- P(X; =0), i=1,2,..,n, (18)
and, in addition, another parameter ¢ which measures the dependence or the degree of

persistence in the chain.

:1—P(Xl:Ot Xl—l :1), i:2, 3,..., .

The relationship between model 2 and model 1 can be obtained, using (18) and
(19), by computing the other conditional probabilities as follows:
Let x = P(X;

1

[

=46 p + X(l—p)a

from which

(1 -6)p
and
1-2p+6p
Thus {X;,..., X, } is a stationary two-state Markov chain with transition matrix

1-2p +6p (1-6)p

1-p 1-p
P= : (22)

1-6 é

15



In this case the n-stage transition matrix takes the form

1- - n P -p
pn =[1_1; § J+(0_P) . (23)

Using Theorem 3.1 it can be shown that 79 =1 -p and =; = p, which is what we

expect in this case.
1.4 Remark: A way to estimate the parameters p and ¢ is by using the
appropriate relative frequency, as in the case with model 1. However, there is an

analytical way to estimate these parameters. We describe this method next.

2. Estimating the parameters: As pointed out earlier, the parameters of either model

can be estimated by using the appropriate relative frequency, see example, K.R. Gabriel
and J. Neumann 1962. Here we describe an analytical method based on the idea of
modifying the maximum likelihood (see Billingsley (1961), also see Devore (1976)).
2.1 The modified maximum likelihood method:

1—01 91

. , 1-6, 6,
Let the transition matrix be P = .

The full likelihood (or the joint distribution of X; , ..., X, ), using the Markov

assumptions in terms of 6, and 6;, can be written as

16




P(Xl = X1, X2= X2 y "t XTI. = Xn)
= P(Xl = Xi )'P(X2 =X9 IXI = Xl) P(X3 = X3 |X2 = X2) "'P(Xn =Xp IXn—l =xn_1 )
=pl (1- p)1 ! 'ﬁ2 67i — 1 io(1-9 )(‘”i—l )1 -z;)
1=
1l -z, z. 1 -z, 1-z;),
g(() i—1 ) 1 (1_90)( i—1 )( 1)
B
where P= P(Xl = 1) = mo—_'az .
The term pl'1 (1- p)l—zl represents the contribution due to the first state visited by
the process. The modified maximum likelihood method consists of neglecting the term
pl(l - p)

asymptotic theory of maximum likelihood estimators, (see P. Billingsley (1961)).

! This idea was used by P. Billingsley in his development of the

Therefore, this method is particularly useful when n is large.
Now, the natural log of the likelihood, denoted by L, for the realization X, X3 ..., Xn

can be expressed as

L=x;Inp+(1-x%x; ) In(1-p)+17, (24)

where
L’ = n00 ln(l - 00) + nm 111()0 + nlo 1n(1—01 ) + nll ln 01 . (25)
The n; P i,j =0, 1, are the usual transition counts given by the number of indices m
for which x, =1 and x .,y =], m =1 ., n - 1 so that
ngg + 09y +nyg t+ny; =n-1L For example, n;; is the number of indices m
such that x,, =1 and x,,; =1, for m=1,...,n - 1. Therefore, the required

estimators of 6, and 0, arc obtained by maximizing L’ given in (25).

17



Ll n n

which yields

By = —3__ (26)

which yields

L

69% < 0, so, the values 4,

2
2.2 Remarks: (i) We note that 6371‘2’ <0 and
~ 0
and 8, , given by (26) and (27) do indeed maximize L.
(ii) In the above derivation, both 68, and 6; are free to vary, so that when the value
of 6, is specified, the modified maximum likelihood of 6, is no longer given by (27).
(iii) For model 2, we can get the estimators of p and 6 by comparing the entries in

(15) and (22), to obtain

§—§ = "1 28
1™ nyy +ny )
(1 -0, )p _ %
and T-p = 0y , which yields p—m-
Therefore,

18



6
" 0

= == , 29
P = 133,-7, (29)

where 8, and §, are given in (26) and (27), and it simplifies after some algebra to

nyy (nyg + 09y ) _ (30)
ngg njg + 2mng nyy + 0oy 0

p =

19



IV. DISTRIBUTIONS OF GO-NOGO STATES
The two models presented in section 3 are technically equivalent. Therefore, for
convenience, we only use model 1 to discuss some distributions which involve the

number of GO and/or NOGO states.

1. Distribution of the number of states of the same kind:

1.1 Distribution of the number of GO states: Let X be the number of successive GO
states until a NOGO state occurs. Then,
00...01

PX=n)=(1-6)"" 6, n=12,... (31)
This is a geometric or Pascal probability distribution (a special case of the negative

binomial).

1.2 Distribution of the number of NOGO states: Similarly, if Y is the number of

successive NOGO states until a GO state occurs. Then,

11...10
P(Y=m)=6P"1 (1-6), m=12.. (32)

2. Distribution of recurrence time: A succession of NOGO states of length k, k> 0,

means a sequence of k-NOGO states preceded and followed by GO states. Therefore,

a NOGO succession of length k is equivalent to a recurrence time of k+1 for GO

states.

20



2.1 Distribution of recurrence time of NOGO states: The following table illustrates

how the probabilities of different recurrence of NOGO states are computed.

Recurrence time of NOGO Representation Probability

k

0 1 11 0,

1 2 101 (1 -6, )6,

2 3 1001 (1-6,)Q1 -00)00

3 4 10001 (1 -6, )(1 -65)* o,

: ' k

k k+1 10001  (1-8,)(1-65)k1 o

2.2 Lemma: The mean and variance of recurrence time T; of NOGO states are given

by
_1-(# b))
M =T,
and
1-9
o} = 021 (1+0, -05)
0

Proof: pp = 10) +2(1 - 6y )6y +3(1 -0, )(1 -6y )8y + -

=0, + 91__—0;0)_00 [201- 05) +3(1-6)% + - |
1-9

=0+ S g S e g
(1-0,) (1 -04)?

— 1
=0 + _ITOO(A) ﬁ[T]

21
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(34)



Now,

(1-6;) -1
=91 + —T_—eo—ﬂo(-—l) [ 02 +1]

0

(1~ 017)(1 + 00)
)

_1-(6-6)
%9

o = E(T%) -u, where

B(T} ) =10, +22(1— 0;)0) +3%(1 - 67)(1 ) + -~

=6, + (1—1_;;—(3—90 [22(1- 0p) + 321 —65)% + - ]
(1-19,)

9 3
= o+ S (1) g (20 - 0 3= 0)

8 (1) H%E [(1 - ¢5) (200 -85) + 3(1 - 6,

21 - 0)) (1-0,) (1+8)

C2(1-0;) 40, +05 - 600
= 7

22
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Thus

2
o _ 21-0,)+06, +63 -6y0, 1-2(0)-6g) + (6;-6,)
0 0

2
1 - 64+ 690, - 63

(1-0)

9

2.3 Distribution of recurrence time of GO states. We illustrate this also by a table

k Recurrence time of GO Representation Probability

0 1 100 1-9,

1 2 010 p (1 —6;)

2 3 0110 6 04(1 - 6,)
3 4 01110 6003 (1-10,)
: k

k k+1 011..10 6402 (1 -¢,)

2.4 Lemma: The mean and variance of recurrence time Ty of GO states are given by

e (35)
and
a%r=—-00—9—(1+91—00). (36)
(1-6,)°
Proof. Is similar to the proof of Lemma 2.2, hence we omit it.
8]
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3. Asymptotic distribution of the number of NOGO/GO states: Since NOGO and

GO states are represented by 1 and 0, respectively, it follows that the total number
of NOGO states in a sequence of n trials {X; , X9, ..., X, }is S =k);1Xk . Ttis
shown in Feller, 1957, Chapter XIII, that S can be approximated by a normal
distribution, provided that n is large enough, this fact is given in the next result

without proof.

3.1 Theorem (Normal approximation of recurrence time of NOGO states): If the

recurrence time of NOGO states has mean py and variance a% , then the number of

NOGO states in n trials S = f: X, is asymptotically normally distributed with
k=1

2

v n . . ndl 2 .
roxi i a — re p o e given
approximate mean and approximate variance 3 whe ; and of aregiv
1

by (33) and (34).
A similar result for the recurrence time of GO states is given next.

3.2 Theorem (Normal approximation of recurrence time of GO states): If the
recurrence time of GO states has mean p and variance 0'[2) , then the number of GO
states in n trials is asymptotically normally distributed with approximate mean and
variance -‘% and % , respectively, where p, and a% are given by (35) and (36).

3.3 Remark: The asymptotic results, Theorems 3.1 and 3.2, neither tell how rapid
the distributions approach normality nor reflect the exact distributions for small n.

The exact distribution will be discussed in section V, analysis of runs.
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4. The distribution of numbers of successive GO followed by successive NOGO states:

Let X be a random variable representing the number of successive GO states and
let Y be a random variable representing the number of successive NOGO states. Then
X and Y are independent random variables. Define Z = X + Y. Then, Z represents

a number of successive GO states followed by a number of successive NOGO states, and
—1
P{Z=n} = ¥ PX=k)P(Y=n-k)
1
oF1 (1 -0;) (1-9, )"*-1 g,

n—1 L
= 0, (1-6, ) Z 5=l (1 -4, )" -1

= 6, (1 -9;) (37)

We note that the distribution (7) is symmetric in 6y and (1 -9, ), this is expected
because Z=X+Y =Y + X.

4.1 Remarks: (i) The distribution (37) can be considered as a generalization of the

negative binomial in the following sense. Let 1 — 8y =0, , then
lim P{Z =n} =0,(1-0, ) (n - 1)67~2

(1=0 )—0,

= (n-1) (1-6,)% 6772 |
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which is the negative binomial probability of having the second NOGO to occur at the

nth trial.
(ii) The work of L. W. Falls, W. 0. Williford, M. C. Carter, 1970, reached the

conclusion that the negative binomial and a modification of the negative binomial
distribution are adequate statistical models to represent thunderstorm events and

thunderstorm hits, respectively, at Cape Kennedy, Florida.
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V. ANALYSIS OF RUNS

We consider here sequences of NOGO and GO states. Here we follow the theory of
run as in S. S. Wilks, 1963, however our work provides some generality as the
probability of a GO outcome is not necessarily equal to that of a NOGO outcome.
Suppose that the total number of GO states is nj and that of the NOGO states is ny,
with ny; + n; = n. The class of all these sequences is actually the set of all ( I{IO )
permutations of ny GO states, and n; NOGO states. Each sequence consists of runs
of NOGO and GO states. The length of a run is the number of states in it.

Let rj, denote the number of runs of GO (or 0) states of length k, and let r; denote
the number of runs of NOGO (or 1) states of length j. For example; the sequence
00011001001101 is such that ny =8, n; =6, rg; =1, 199=2, 13=1, 11} =2,
rjo = 2, and all other r’s being zero.

From the definition of these quantities we see that % kry, =ng and XJ: j 1, =1;.
Let ry = >k: rop » and r; = ‘L;: Iyj be the total number of runs of GO and NOGO

states, respectively. Given the set of values of the r , the number of ways of
P 0k Y

arranging the ry runs of GO states is the multinomial coefficient

T T '
0 — 0
(r01a 102 5 -oo rOnO)— o1 ! rgo! -+ Ton, ! (38)
Likewise, the number of ways of arranging the r; runs of NOGO states is
O )= e (39)
T{1,T19 5erny T = .
11> %12 » ’ 1"1 rll!r12!...r1nl!
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1. Remark: We observe here that ry and r; can differ from each other by at most 1;
because if they differ by more than 1, this means that at least two runs of one kind of
states would have to be adjacent, contradicting the definition of a run. If ry =1,
then there are two ways of arranging the runs of GO and NOGO states, one sequence

begins with a run of GO state(s) and the other begins with a run of NOGO state(s).

2. Definition: Let 6(ry, r; ) be the number of ways of arranging g indistinguishable

objects of one kind and r; indistinguishable objects of a second kind such that no two

objects of the same kind appear together, then 8(rg, 1y ) takes two possible values

1, 1
6(1'0,1'1):{2, iflfo —rl 0
Therefore, the total number of ways of having rj, runs of GO states of lengths
k=1,2,..,ny and of having r; runs of NOGO states of lengths j=1,2,..., n; is

1'0! I'l ! 6(1‘0 y I'l ) . (41)

rOl! 1'02! ‘s rOnO! 1'11! I'12 !... I'lnl '

3. The probability of a fixed sequence of GO-NOGO states:

Consider a fixed sequence with ry, runs of GO states of lengths k= 1,2, ..., ng
and ry j runs of NOGO states of lengths j=1, 2, ..., n; . In order to obtain the required
probability, call it P(E), we start by conditioning on the state of the first trial. That

is, letting H denote the event that the first trial results in a NOGO, we then have
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P(E) = p P(E[H) + (1- p) P(E[H®) (42)

0
where p = P(NOGO) = — 0 see equation (20) with x = 4,. Given that the
1 + 0y — 0, 1
initial trial is a NOGO, then
P(E[H) = 1Tl (1_00 )"0 -1 (1_01 )7'1 +6 -2 980 -6+1.

where 0"l 7 "1 accounts for all the consecutive NOGO (or 1) states, (1 - 6, )"0~ 7o
accounts for all the consecutive GO (or 0) states, the term (1 - 6, )1 +o-2
accounts for the number of changes from a NOGO to a GO (or from 1 to 0) state. We
note that if ry = r;, then é = 2 and there are r; changes from NOGO to GO state.
On the other hand, if ry > 1y, then § =1 and there are r; — 1 changes from NOGO
to GO state. The case r; < ry can not occur, by definition of runs since we begin
with a run of NOGO states. Finally, the term 9:]0 —otl accounts for the number of
changes for a GO to a NOGO (or from 0 to 1) state. We observe here that if ry =1,
then § = 2 and there are ry — 1 changes from a GO to a NOGO state, while there are
ry changes from a GO to a NOGO state if r; > 1,
Thus
P(EIH) =M~ (1-0,)"0 770 (1-g )15 g0 1
(43)

=171 (1—0(,)”(’+1 (lo;lal)rl‘2 (1 iool)r(ﬁl (10;091)5 _

~
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Similarly, given that the initial state is a GO state, then

o — 1 n,—r ra +6— 2 ri—6+1
P(E[H) =(1-86,)0 0 ¢/17 "1 g0 (1-65)1
(44)
_ 3 n0—2 n1+1 90 r0—2 1—01 r1+1 90
=(1-46) % (1-90) ( 7, ) (1—91)5'

Therefore, substituting (43) and (44) in (42), the probability P(E) of a given sequence

with ry, runs of GO states of lengths k =1,2,..,np and r;y; runs of NOGO states

of lengths j=1,2,..,n; is

P(E) =p91111—2 (1—00)n0+1 (1—0101)r1—2 (1?_050)1.04—1 (1—9061)6

(45)

F(1-p) ()0t T (Yo (AT (Y

%
where P= m .

Since the event E in the above analyses may occur a total of

! ry! 8(ry, T ) oy

— Or 1 , r( 0, lr) ‘ ways, it follows that the probability of a sequence of
01- va On . 11.--- ln =
0 1

NOGO and GO states, as described above is

rg!ry! 6(rg,1p) P(E p({
= P({r;; }). (46)
rOl' vee 1'0"0! rll‘ rlnl ! ) ( t })
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4. Probability of runs of GO states of length k, k=1,2,..., n;:

The probability formula obtained in (46) can be thought of as a joint p.d.f. of runs
of NOGO and GO states. If we are interested only in the p.d.f. of the runs of GO
states, that is, ry, , k =1,2,.,n,, we have to take the marginal distribution of (ro1>
Tg2 5 -+ Ton, ) in (46). That is, we must sum the probability P({rij }) with respect to
SVERESTRNTRE ST This means that we must sum the formula (46) for all values r;; ,
T1g v Dpn, - such that EJ: jrlj =n; and ? rj; =T1;. Inorder to do this we make
use of the following identity in x which holds for values of x near zero:

(x+x2 +x3 +..)1 =x'1 (1- x)_r1

S YA o VB (47)

Now, the coefficient of x'! in the first expression of the sum of r'—lr-—" with
11 Tiny -
- 1
respect to the 1y, 115, rlnl subject to the restrictions
Yir; =mn; and Y =1, But the coefficient of x'! from the first expression
J J

in (47) must equal that of x'! in the last expression in (47) which is seen to be

(=D e

(r1_1)!(n1_r1)!—(r1—1)- (48)
Hence, the p.d.f. of runs of GO states 1y, ,k=1,2, .., ng , and a total number of
NOGO states equal to r; is

T ' n, —
P({ro; }r1q) = _,_Oro_,_ (712 | )é(rg, ry) P(E) (49)
0

rOl M
where P(E) is as given in (45).
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Finally, to obtain the p.d.f of the rp; , k = 1,2, ..., oy, we must sum (49) with respect

tor; . Using the definition of 6(rg, 1; ) we see that

,él (:11:11 )‘S(ro’rl) p(E)
| (50)

=2(I.'(}Z} JPE)lrzr, + (;‘& -1 )p(E)|,1=,.0+1 + (:&:21 )P(E)L.F,O_1

Therefore,

1'0!(1

P({rﬂk }) =] T (51)

LI o .
01 01'10

where k = 1,2,..., ng, and a is defined by (50).

5. Probability of runs of NOGO states of length k = 1,2,..., n; :

By similar analyses we see that

(52)

where k = 1,2,...,n;, and

pi=5 (M) )élrg. 1) P(E) (53)
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6. The joint distribution of the total number of runs of GO states and the total number

of runs of NOGO states:

The p.df of ry and r; can be obtained by summing (49) with respect to ok

subject to the conditions that ¥ k rorp =ng and Yrg, =r14.
k k

The technique here is similar to that used in summing (46) to obtain (49) and it yields

P(ry, ;) :(:3:11 )(?11:11 )6(r0,r1)P(E). (54)

7. The distribution of the total number of runs:

The p.d.f. of ry, the total number of runs of GO states, P(ry ) can be obtained by
summing (54) with respect to r;. The p.d.f. of r;, the total number of runs of NOGO

states P(r; ) is obtained in a similar way.
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VI. CONDITIONAL PROBABILITIES

The models presented in section III can be used to answer certain conditional
probability questions in a straight forward way. Suppose we know that GO states
occurred for the past n days, at a particular time of the day, what is the probability

that the GO state will continue for N additional days?

Based on the Markovian property utilized in the models the question may be stated
as follows: given that a GO state has occurred, at a particular time of the day, what is

the probability that the GO state will continue for N additional days? Symbolically,

the situation can be represented as 000---0
N
Therefore,
P(GO = N|GO) = (1 - 6,)N . (55)
Similarly, we have 100--0
N
P(GO=N|NOGO) = (1 - 8, )(1 - 9,)N"1, (56)
P(NOGO=N|GO) = 6,0, N 71, 011...1 (57)
N
and
P(NOGO=N|NOGO) = oM. 11..1 (58)
N
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VII. EXAMPLE

To illustrate the methods discussed in this report we give an example. We use the
33 years of data for thunderstorm and non-thunderstorm days for summer (months of
June, July, and August), see Smith and Batts, Tables 13a and 13b. For comparison

purposes we include the same tables here as tables 1 and 2.

a) Parameter estimation:

To estimate the parameter 6, , 6, we use formulas (26) and (27):

7. o= " 5. — 1ol
1 7 ng + 1y 0~ ngy +1p;

where n;; is the frequency of having two consecutive NOGO days (i.e., two back to
back thunderstorm days), ny; is the frequency of having two consecutive GO days (i.e.,
two back to back no thunderstorm days), ng; is the frequency of having a GO day
followed by a NOGO day, and nyg is the frequency of having a NOGO day followed by
a GO day.

From table 1: nj; = 859, and ny; = 1363.

From table 2: nyy = 1328, and n;, = 1848.

Therefore,

)

— 1] _ 859 _
I =0y + 0y 1848 + 59 — 03173,

and

> i) _ 1363 _
by = Ngy + Ngp — 1328 + 1363 — 0.5065.
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The significance of the estimates g, , 8, is that we actually summarized the 33
years of data in just two numbers i

We observe here that in estimating the conditional probabilities 6, and 6, we used
both tables, i.e. the data for thunderstorm days as well as the data for non-
thunderstorm days! This is because the thunderstorm days and the non-thunderstorm
days are “elusively correlated.” An important feature of the methods in this report is
that the correlation between GO and NOGO days is taken into consideration. This is
the basic difference between these methods and the method suggested by O. E. Smith
and G. W. Batts.

To estimate the parameter p , we use formula (29) or (30)

L by _ 0.5065 _ 0.5065 _ .
P = 733,29, ~ I+05065 - 03173 11892~ 0.4259 = 42.6%,

where, p represents the probability of NOGO conditions.

(b) Time conditional probabilities:

Using the estimates al , 50 , We can compute several probabilities of interest mentioned
in this report. For example,

(1.) The probability of n successive GO states until a NOGO state occurs

(formula 31) is

0.5065 (1 - 0.5065 )1 , n=1,2 ..
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(2.) The probability of m successive NOGO states until a GO state occurs
(formula (42)) is

(1 - 0.3173) ( 0.3173 )™~ 1
=0.6827 (03173)"~1 ' m=1,2 ..

Formulas (55), (56), (57), and (58) yield:
(3.) Given that a GO day has occurred, the probability that the GO state will continue

for N additional days is
P(GO =N | GO) = (1 - 05065 )N |

Similarly,
(4.) P(GO = N | NOGO) = 0.6827 ( 1 — 0.5065 )N-1 |
(5.) P(NOGO = N | GO) = 0.5065 ( 0.3173 ) N-1 |
and

(6.) P(NOGO = N | NOGO) = ( 0.3173 )N,

where N=1,2,3....

37



10.

11.

12.

REFERENCES

C. E. P. Brooks, N. Carruthers: Handbook of Statistical Methods
in Meteorology, London, Her Majesty’s Stationery Office (1953).

%’. Billingsley: Statistical Inference for Markov Processes, Univ. of Chicago Press
1961).

J. L. Devore: A note on the estimation of parameters in a Bernoulli model with
dependence. The Ann. Statist., 4 #5 (1976), 990-992.

L. W. Falls, W. O. Williford, and M. C. Carter: Probability distributions for
thunderstorm activity at Cape Kennedy, FL, NASA Tech. Memorandum, TM X-
53867 (1970).

W. Feller: An Introduction to Probability Theory and its Applications, 2nd ed., 1,
New York (Wiley] (1957). '

K. R. Gabriel, and J. Newman: A Markov chain model for daily rainfall
occurrence at Tel Aviv. Quart. J. Roy. meteorological Soc., 88 (1962), 90-95.

K. R. Gabriel: The distribution of the number of successes in a sequence of
dependent trials. Biometrika, 46 (1959), 454-460.

K. R. Gabriel, and J. Newman: On a distribution of weather cycles by length.
Quart. J. Roy. meteorological Soc., 83 (1957), 375-380.

J. Klotz: Statistical Inference in Bernoulli trials with dependence. The Ann.
Statist., 1 (1973), 373-379.

O. E. Smith, G. W. Batts, and J. A. Willett: Atmospheric constraint statistics for
the space shuttle mission planning, NASA Tech. Paper #2069 (1982).

O. E. Smith, and G. W. Batts: Atmospheric statistics for the aerospace vehicle
operations, AIAA 31st Aerospace Sciences Meeting, AIAA 93-0756 (January 1993).

. S. Wilks: Mathematical Statistics, 2nd ed., New York (Wiley) (1963).

38



9rs0 0
TR o)
89ct o
v89C 'O
9Z7s$° O
89€L’ O
0000 "

oV=r

?9L0°
6060°
9C91’
SPSel’
ei18€"°
1608’
6069’

67T

-0000000

9520’
1990°
41
S6LtY
T69T°
06SE "’
TLep’
160L°

~-00000000

8910’
oZro’
95L0°
9L
S9L)’
€SET’
E6IE’
1241
§689°

L=r

~-0000000D0O0

S0’

L9LO

L1SO°
S0BO "
L0z’
609}’
v8IC’
191¢€°

corp

6€89°

o=

-000000ODOOCO

8.00°
S610°
05¢0°
SvS0°
L180°

6801

640}
onc’
scoe”’
ocor”
oLLy’

~-CO000000O0O00

~00000000000

9€00°'0
68000
09100
0sZ0 ' 0
YLEQ O
66v0°0
L1900
0860°0
06c1 0
1210
zoic“0
18SP°0
16L9"

0000° 4

ETO0 'O
8500°0
S010°0
€910°'0
+vZ0°0
9ZL0°0
ZyeO*

0r90°0
8060°0
%8€1°0
9020
tE6Z -0
sSEyr’ O
1ES9° O

S100°0 9000°'0 T
Leoo’'o 9100°0 S
9900 O 8t00'0 6
€010°0 »»00°0 I
pPS10°0 §900°0 11T
50Z0°0 1800°0 8T
64Z0°0 B110°0 8¢
rOro"0 14100 SS
TLs0 0 cvZ0'0 8¢
€L8O° 0O 1LEO'O 61}
LLZs 0 trSO'0  wiod
9884 "0 0080°'0 (ST
S6LL°0 L8 O 18C
911v°0 LYLY O 19§
tOES 'O GL92 0O 658
0000} Svir 'O E€9€)
(3 *80ud T wNs

86¢
v0S

I WNS

[4 2
} St
' vl
] €1
[4 T
0 )
[ (o]}
L 6
9 : ]
81 L
[ A 9
;14 S
(2 4 14
9s E
81 4
1014 '

O3y HIONI

1SN9AY  AINP 3NN 40 SHINOW
(GB6I~L561) 2 S % 1Y SAVO WHOI1SUIONNHL

numUﬁ.h¢==aﬂﬂwh°&whﬂﬁ—cﬁhﬁ&@ﬂ&!ﬁﬂﬂhrhéhwﬂﬁbﬁﬁﬂ&Ohﬂ—ﬂﬂbﬁzﬁﬂdmvQﬁﬂhrﬁ:ﬂmﬂ=5mu°-=:ﬁ=£T5hﬁH THAHIIVL

39



9100°'0 (SO00°0 EYO0 'O LECEOO'O STOO'O 9100°0 »I00'0 ©OI00°0 QODO'0 SOOO0 O €000°'0 ) ] [ £4
€S¢0°0 ¢110°0 9800°0 6§900°0 6v00'0 LEOCO'O LTOD'O OTOO'0 SI00°0 11000 9000°'0 T ) o €T
6ZZO°0 1110°0 6ZI0°0 8600°0 ¥L00'0 GS00'0 1v00°0 OEO0O'O €T00°0 91000 6000°0 € ) o TT
GOLO0'0 6ZLO'0 ZTLIO'O 1EIO'O 6600°0 £L00°0 SS00°0 Or0O'0 OLOO'0 TIOO' O T100°0 v J ] R4
z8€0°0 98IZ0°0 SIZO'O E90'0 €ETI0O°0 T600'O 9900°0 1S00°0 8CO0'0 1200°0 3100°0 S } o ot
»£SO'O OOPO 'O OOEO0 'O 6ZTO'0 ELIOO 8TIO'C S600°'0 1100°0 £S00 O 8€00 O 00’0 L 14 ' 61
L890°0 IGO0 9BLO'O ¥6ZO'O ITTO O 5910°0 €ZI0°0 1600°0 9%00°0 6v00°0 8zo0’'0 6 T 0 -1
Z660°0 E£VL0' O BSS0°0 SIZ¥O'O IZEO'O 6€Z0°0 LL10°0 TEIO'O 8600°0 0L00'O ov00°'0 € 4 [4 L
LTZSL-O EviI O €@680°0 ¥S590°0 r6VO’O L9CO'O ELZO'O TOTO'O 1S10°0 8OIO0'O Z900°0 Or L € 91
PIZZ°0 1S91°0 SGrZ1'O BPEO°0 91L0°0 ZTCSO'O 96£0°'0 ¢6ZO'0 BIZO'O (S10°0 06000 62 6 [ 4 1 1)
€60C O 98ZTZ°0 LI1L1°0 (OEL'O ©860°0 vCLO'O 9960°0 SOY0O'O 10€0°0 9120°0 SCI10°'0 Oy N} T ri
GLZyY O O0IC'0O €O¥YZ 'O O0€8l'0 €BEI 'O 6Z01°0 #3L0°0 L9500 ITv¥O'O €0€O°O ¥L10°0 96 91 ] €l
ZOBS' O E€VEP 'O ISLE'O v8pZ’0 LLB)V'O ¥6EL "0 LEOI'O 63L0°0 TLSO'0 1100°0 LETO'O 9L M 4 T
OILL'O 11450 SEEP'O 10OCE'O 96YPZ’O £681°0 B8L€1°0 ZIOL'O 13L0°0 L¥SO'O SIC0'0 104 sz S ‘i
0000° I 9BPL'O TTIS O 19Ty 0 GSETZE'O vOFT'O L8L1°0 9ZEI*O 9860°0 60L0°0 80Y0°0 1€} Ot s (o]}
0000 " ¢ LISL'O 61460 1ZEY' O HIZE'O LBET°O 1LL1°O0 BIEC}'O (¥60°O Svs0° 0 st (44 ri 13
0000+ ¥?I9L°0 ESL8°0 SLZP'O BLIE'O WSELZ'O SSLIO0 19Z1°0 9tL0'0 ECt s s 8
0000°'} 966L°0 6196°0 GLiv'O L60L°0 -vOLZ°O 9594 °0 £S60°0 90C cL st L
0000')1 I1EPL'O 6TSS'O 660ry 0O 0SOE"0 I61L°0 192170 SOF 66 14 9
00001 SEPL'O 91550 PpOI¥P'O 6V6T°O 1694 °0 S¥S ovi 124 S
0000} 6IvL°0O OTSS O 996L°0 €8I0 EE€L 88l sy [ 4
0000} OvpPL*0 9vES'O LLOE°O €896 114 L9 €
00001 981L°0 9Cir O ©8LE) oveE S8 T
0000} S5.5°0 9v8} ots o]: 11 '
oi=p 6=r 8=r L=r 9=r s=p r=p e=r =r p=r *B80ud T ANS 3 WNS DI¥d  HLIONI

1SNSNY TAINE TINNP 30 SHINOW
(6861 -LS61) 2 S M 1Y SAVQO WHDLISHIONNHL ON

S “JsuruIng 10§ sKe( ULIO)ISIIPUNY [-NON 10§ SIIqeqold [uonipuo)) L], pue suny Jo uonnqiusiq “Z AT4vV.L

40



APPROVAL

PARAMETRIC ANALYSIS OF ATMOSPHERIC PROCESSES
By
M. Elshamy

This report has been reviewed for technical accuracy and contains no information
concerning national security or nuclear energy activities or programs. The report, in
its entirety, is unclassified.

@Wu/ 74 fW Cw\c

Gregor§ S. Wilson
Director, Space Science Laboratory

w U.S. GOVERNMENT PRINTING OFFICE 1993-733050/80111



™




